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Chapter 1
DGk

1 EEM: EXFfF

1.1 El@: EX
1.2 ZEB%: FNzlE
B E R A EARE — U A RIS R IATE At TR S 75 Ok A a1

@R 1.1 (RSN ZmE). F2e a0

(1) X #REiday.

(2) AEIEEARFE A BC X 1% X =AUB.

(3) FAEIFZARLHE AABC X /5 X =AUB.

(4) Al A0, A+ X B£1F A £ X FREF XN,

(5) Aledsikat f: X — {0,1}.

L. (2) <= (3) <= (4) ZEIRM.

(1)=@).HANB=92, H#ANB=9, X AUB=X, i B=A° ]l AnNB =, M
B C A= B, Wil B &M%, R A &M%

(3) = (1) ~EARM.

(5) = (2) & BRI,

(2) = (5). X f(A) =0, f(B) =1, &8 LB RELH. O

1.3 EBSA™EBR=TESGF
Bl 1.2. (X, Triviar) RZEY, B [X] >2 0 (X, Tgiscrere) RAEDHE.

51 1.3. QCR A%, 2F2 Q PE— 2B TEARLEE, HALEERANAEHKLZ AL
RAEALEK. 2R, Q LOF =B TEZHHIB!

EX 1.4, H#AARIEIZ FZ FEE I RE—09:2 BT RN 2R,

6
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I
g
2
Pt
Il
g
N|
i
(=
&

5l 1.5. Q, Q°, EitE, HHZI

@
>
i
N
S
>
Pl
N
&
o
T
b
N

s
A
X
2
oF
=

AN

&

5l 1.6. (R, Tsorgenfrey £ XA EBE. HEE
B ce (a,b). #E3L,

1.4 FEBEMHE

IR A R R AME T 2 —. BT A B HARR S B, BRI 2 A AR
AR, Fl, AEes.

T T B B R FR 2 8], 25 5 P AN 25 () 7 &l ). EN T S R ) 21, AT e 2
MIEE T e E R,

X T FRATTAS T e e P e R AR 2 (), FRATLE AR Il VR A ) R 0, BSERiS (2T
—NIEER) MiZEIEFEANEEN. (52, Sorgenfrey B L& EIENIEZAERMAI? [0,1] LHIELSLNR
B I )0 R AR ? IR B e AN S AR H A, AITHRSE GO RAIFE b B
SRR C(SY R?) @M ? C(ST R\ {0}) &l ? #ieas(E {y € C([0,1], X)|v(0) =~(1)}
LS ELEN

T CLERA T 75 B @ M IR A 08 . FETRATIGR ™A 8 24, iEFRATE G —2 R HEE

(a)(0,3)
EX 1.7. % (X,7) A4ed= 0.
(1) BAAR X RAEB, o R GAFETEL ABCXEFX=AUBHHLANB=A=B=0.
(2) &M X RiEBGIe R CIRRIEBL.
(3) BMATE AC X %l /T8 R E KT A TR A REE/ Tkl
SFiE. TR REEL.
Fig. A DRI AR E K E 8] F Fo VR AT E R T,

15‘.] 1'8' (X7 t%rivial) f%jiiﬁé(],
(X7 %iscrete)(‘X| 2 2) f%z:l%@éﬁ
Q AREiEH.
FiB. wRIFZTHE ACQ A&, A A—RRELE.
4—9‘%’ (Q7 eysubspace) Z:;,E (Q7 %iscrete)-
HAFNEEETRATE.
EX 1.9, & X RZETEEBY, WwRE—A X GENFR LB TEHRAREE.
15]-] 1.10. Q7 ch (Xa %iscrste); Cantor

15‘] 1']—]—' (R7 %orgenfrey) 7%%/}}%%@%.
FEMEE ACR, ABRALE a<bc A
Ba<c<b, A=(AN(—o00,¢))U(AN]ec,+0))

15“ 1.12. (R7 gEuclvidean) )%1%1@{]’]
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. B R=UUU"
Bl acUbeUs, ARk, AL o <b.
/%\A:{x|x€U,x<b}7é®.
Bepo s v RAET A ERESH BB, 12N e
Wrs cgU H eg U

e MRz ecU, WHNURITHE, c+te<bfEU H. HE: c MHAAREET b &: Bb1EU°
B, WPE-ANTXEEE b A

T, (1) £k, EER B REEY.
(2) —Hfb, KMIZRSKT B2 % (X, <) Rzde R

(a) HEEIZAH EFEA LHFT.
(b) & a<b, A& cEFa<c<b

BB
N TR — R P(t) 3T ¢ € I WL, et T2 — X, JATH & Z5E

o fF1E to € I 15 P(to) BRAL.
o {t|P(t)holds} TE T HRITE.
o {t|P(t)holds} 1E I iEpILE.
M P(t) XIETA t € T JOT.
B 1.13. 3% f:R — R 4T, B4 xo £ f™(2)) =0, HEZH n, —f=0.
P e
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2 HFRMHBXER

21 TXNEEE
EIE 2.1 (J"XNMEEH). B f X Y ZELG AR X Fo9E@TE, N f(A) Z#Eida.

B (R f(A) RAEBE. A7V, Ve CY 15 Vin f(A), Ve N f(A) Z2IEZRMIHE f(A) 2
IR HvinVan f(A) =

FNfAY U Van fA) = fFHVIN FA) U (Va) N F(A)) = fH(f(A) = A.

MM A SEASEBR, 5. O

#iL 2.2, (1) R XY, 2 X @85 0RY Y %,
(2) UVT) 4% X A&i#B8, f: X 5 R, a<be f(X), E& ce (a,b), AL x 1E/F f(z)=c.
#if 2.3 (Borsuk-Ulamn=1). & f:S8' = R, H& zo &5 f(x0) = f(—z0).

. B F(z) = f(2) — f(—2). W a €S, HE F(a) Ml F(—a). O

2.2 H8
FER 2.4, d R A R%E@EM, ACBCA, R4 B R&il#.

B, R B ANiEl. %5 B=B,UB,y, B, =BnNU,;, By,B, 3%, BiNBy =@, Uy, U, &4
é\AlemUl,AQZAmUQ. EEBCUlLJUQ %DACUlLJUQ. K%*ﬂﬁ‘ﬁ, m‘&Al#@ %B
4 Ay =2, INifi ACUS, Fibh BC AcCUS, #H By, =92, TJE. O

WL 2.5. A Eil — A RHFEM.

HEID 2.6. 1A Bz &R A EiEY.

2.3 #

W 2.7. Ao C X B A, £8, [Au#2, W2 | A, RETBL.

PEH. @%&UA = YmUA YQHUA
EX:ceﬂAa, A ﬁ"f , uxerUA

FﬁUxeYlﬂAa, 11E «.
M A, =(Yi1NA)U(YoanA,), T Yan A, =@, TJE. O

It 2.8. A, REBE, A, NA,#£0, LA, REEH.

JERR . JBIFE B, = A U---U A, IEER, B¥IE B, JEEk. O
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2.4 3kFA
Wl 2.9. XY #ill, 2 X xY LREEY.

IEW. i E, BERLESHZMA. O
E S IPREE i

®E 2.10. X, &8, W (J]Xe Fprotuer) £EiBE, o€ A.

ik, [HE a, € X,.
MERFIRTE K C A FATH [ Xo REBER.

acK

/%\XKZ{(xa)‘xa:aaforVa#K}.

W4 x, s, FAEEHABS [] X0 o [[Xo=][oe K)Xax [] X 02
acK « ( agK

EEF (aq) ﬂXK, X = ka FEESH ).

Fsk b, X = Hxa, AT HX JE .

Hpk X© = ﬂX O

EIR. AR [[ Xo ABEY, H2EAN X, Rikil#, BAHCR [[ Xo ERBHMEA LS
T S )

IR, WA, M(0,1,R) =ROY = J[ R AR&EiEs, REFADE R AREDLY.

ael0,1]
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3 PSet09-1

(1)[Connectedness of subspace]
Let (X, .7) be a topological space, and Y C X be a subspce. Which of the following statements are
equivalent to the fact “Y is disconnected”?

Prove the equivalence for the correct ones and give counterexamples for the wrong ones:

(a) There exists non-empty sets A, B C X with ANB = AN B = &, such that Y = AU B, where

the closure is taken in to be the closure in X.

(b) There exists open sets A, B in X with ANBNY = &, such that Y C AUB and ANY #
@,BNY # .

(¢) There exists disjoint open sets A, B in X with ANY # @,BNY # & such that Y € AU B.

(d) There exists disjoint closed sets A, B in X with ANY # @,BNY # &,such that Y C AU B.

(e) There exists a set A which is both open and closed in X such that ANY # @ and ANY #Y.
TEB.

(a) IEHA.

e (a)=Y A%l Ay CAx, AxNB=90 = AyNB=0.
o Y Al = (a).Ay =AxNY, FIk AxNnB=AxNBNY =AyNB=0.
(b) IEH. AR
(c) I ALE
RBl: X ={a,bct, T ={2,{a},{a,b},{a,c},{a,b,c}}.
Horb {b,c} RAEER, EASFAERZIFEFFGEK.
(d) FEI AL
&Bl: X ={a,b,c}, T ={a,{b},{c},{b,c},{a,b,c}}.
Hort {b, ¢} RAGER), EAEERL ARG EK.
SR b b8 10 S 9 IR T R e SO PR,
(e) AAALE. RHNLRIXA M.
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(2)[Connected + suitable separation axioms v.s. countability]

(a) Prove: If (X,.7) is (T1), (T4) and connected, and X contains at least two elements, then X

contains uncountably many elements.
(b) Can we replace (T4) by (T3)?

(¢) [The Golomb space] Define a topology on N+ as follows: For any coprime positive integers a
and b, let D, = N5oN {a + bk|k € N>0}. Consider the topoloty Jgoioms generated by these

D, p’s.It turns out that (Nso, Taoroms) is (T2), connected but contains countably elements:

(i) Prove: B = {Da7b|a, b are coprime positive integers} is a basis of Tgorome-
(ii) Prove: (Nso, TGoioms) is (T2).
(iii) Prove: (Nso, ZGoioms) is connected. Is it compact or (T3) or metrizable?
)

(iv) The Dirichlet Theorem in number theory asserts that every D,;, (with a,b coprime)

contains infinitely many prime numbers. Explain this using the language of topology.

TR

o M T1, XPAMEEE {21} M {zo} HRR ML,
o HH T4, A Urysohn 5|¥. fFEZELLREL f: X — [0,1] 15

r1 € f710), a9 € fH1).
(b) Yes, we can! 1% X ZAI#, A4 X HHRE Lindelof 1, {H Lindelof+T3=—T4!

() (i) o BN 1IMERIEREHEEER, PrUXMERER ne Ny, ne D, C Ny,.
e Wwe€DuyNDey» Wit e€ Doy CDupNDeyr FH f=lem(b,d).

— HERKIE ged(e, f) = 1. & p &2 e Ml f MARTF. X fAERET 2@, S5
plf=p|lbBip|d AWKp|b Xple MIMp|a H ged(a,b) =1, AL
p==+£l.

— B RAR Doy C DopN Dy IR,

(i) o fEHL a # c € Nog. FEH b,d € Ny 2

— ged(a, b) = 1.

— ged(e,d) = 1.

— ged(b,d) 1 |a — ¢|.

o HAMWIE, WRILEIKIZXFEN b,d, W D,yND.q= 2.
% a+bk =c+dl, AP a>c, A a—c=dl —bk. INifi a—ce(e), HHf
e =ged(b,d), (e) 2 e MM EHAE, (HX5 eta—c FT)E!

o HAUEY] b, d HIMFAENE. T EREBELREZA, WLRE—ANRE p AR a,¢,]a— |

FIZEE T, 2 b=d=p Blife iR =%,
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(iii) o %@ AEH D,y M1 Dy, WiF bd € Doy N Deg, M X ZIEBR.
NUEWT S AEE Dya,e» 1 ged(bd, e) = 1 Hl ged(e, b) = 1. HHEFIRER, Dyg eNDgp #
@, MIfi bd € D,y [FIEEAE bd € D, 4.
o AT3, HNE Noy AHFAHZANROT)E.
o« A&, BNE +T2—=T3.
o AWEEEMN, BN T4, X5 Ny RETHZANATE.
(iv) T RZBHBINES P £ (Nao, Taotoms) T RPE.

(3)[Connected components]
Let X be a topological space. The connected component containing x € X is defined to be the
maximal connected subsets of X containing x. By Proposition 2.9, it is easy to see that the

connected component containing x is the union of all connected subsets of X that contains x.
(a) Prove: Each connected component is a closed subset.
(b) Give an example showing that the connected component need not be open.

(c) [Extension of Generalized Intermediate Value Theorem| Prove: If f : X — Y is continuous,
then for any subset A of X, the cardinality of connected componnets of f(A) is no more than

the cardinality of connected components of A.
(d) Let E C R™ be a vector subspace. How many connected components does R™\ E have?

(e) Regard GL(n,R) as a subspace of R"™ . How many connected components does GL(n,R) have?
What if we replace R by C?

TEHH.
(a) B A R—MEBNL, €A, WL ACAU{z} C A HE = € A.
(b) Q, &M =M .
(c) A MBATEB Y LMGH — WA SE FA) MENEBESSCH, BREMN A WEEHLEF
f(A) PYHEE 53 S — ANl 5T
(d) o ¥ dimE=n, 04.
e BdimE=n-1, 24.
e ¥dimE<n—1, 14
(e) o R, 24
e C, 14
o EMIINET T, AR MiAL.
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(4)[Locally connectedness|
We say a topological space X is locally connected if for any x € X and any open neighborhood U

of x, there exists a connected open neighborhood V' of x such that V C U.
(a) Give examples:

(i) both connected and locally connected.

)

(ii) connected but not locally connected.

(iii) locally connected but not connected.
v)

neither connected nor locally connected.

(i

(b) Prove: If X is locally connected, then any connected component is open.

(c¢) Prove: If X is compact and locally connected, then X has finitely many connected components.

Can we remove the locally connectedness condition?
(d) Suppose X is locally connected, f : X — Y is continuous and open. Prove: f(X) is locally

connected.

TR

(b) %W A B—NMEES L AW x € A, BT X & o W—DIFE0R, $%)530E 8 e XAFE » 1%
IR U, %@ 308X U C A, T A IR,

(c) o X REiEE, FAEES AR, BUTE PRER S S X — MR, B X

BAAEARTES. EERERS SRS, B AR RAMEE ) .
o AfE. &HB: Q HIHREAL.

(d) il 2z € X, WV & f(x) M—DIFAIB. H f L, 748 o W— DI U, {15 f(U) CV
H X R#EEdE, 75 o M—MEEF W c U, fW)C f(U)CV. H faEsIfusdt,
FW) & f(z) WREEFFARIE, .
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18 B FIE B R

1 ERMERER

1.1 &

TATIAER, [ — DB UMM R JEBEE . A EM, JH, IEmBRATKZE 20,
RE Bl ok e SR AREIO SRS “ S8 g iy

EMX 1.1, % X R—Nedhzm, rye X.

(1) Az Bl y 9—BEHERA—ANEERS v:[0,1] - X £F v(0) =z,7(1) = .
2) % o=y, AMNFEHBEAL s HAEGE.

(3) H—AM z B o 9IRGB : BAEHKIE v, XA () =,V € [0,1].
1 2% 2% ) R P 2 ) 125
Q(X;20,21) = {7 € C([0,1].X)[¥(0) = w0, y(1) = 21 } .
Q(X;20) = {v € C([0,1], X)|y(0) = y(1) = a0} .
Fig. A —ANEEYS, MU AE—F CUTEH R

CHE)EBL, Bl—& CTUTH A BITR
B HA R Z AN TSR] 6918 3%

X FIE R AT DL E 2 “REUEH
ENX 1.2. % X #&ipd= 0.
ﬂ>%i x By LS v, BAAES CRE7 X FERRFEN y B o 09— FHeiE % 5
BREEL () = (1 —1).7 REGHAHREBAELEYS v Fobltht t 1 —t 7S

“EE AFEARFIN 5 F 2
ﬁﬁ%ﬁkf& Y1 kY2 @it e L
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BRI R X B HEA A A Bl v «5 5 7~ ZAFEP, BOARTEZMMN 2 3] 2 F1E
e E RN y By BFIER. BMEE o =y PIETE, AATKIEZASF 1978 2% K AT T2 DA 8
FEATHE W L ANRATIE A B G ~, RIME “IHS% 087 —FE, HEHFAR. AT ER
UOA] i PRI AN 1] JFEAE N IRR B — AN BRI “IE AR E” .

1.2 EEREBRM

BN 1.3, AR X RiEHBEEH, Wl X PHAEHSEGRESREELE
25 5y E B T8 5 T I -

W 1.4, R X RiGsEAMY, A X Akl

B, SRS, BB E AT E AN B G X =AUB. M aozec AMye B MMz
By MEEK. B4 [0,1] =~ (A) Uy (B) ZAFELIFERIF, X5 [0,1] BEEMETE. O

AL B — 27
5 1.5, £ &FHBFE U CR" RiERFERL.

. FEE—M v e U, BEES A= {yc UFEBlyMiEes}. H5IEN A B XAAES, |
U HE@ENE, U= A bl U PEUE— o] AHEHOER R o, M U PEEW S ERER. O

10 I AH [F] 1R UE FRAT T R % 11E B «
IR 1.6, BAMAM R ESBEB YL B E ¢ A LB,
il 1.7. R*\Q? Al 555849,
f5 1.8. A F KA EZ MR AEBL, BN REHEEDY.
IER. AN (0,0) MARHEBIESR] (1,0) &, XAEBLIESITE R sm— oy, WEAES. O
MIXABIF i AT RE 8 B 3 — ik,
o B AN E SE B FE .
o JEETEEE S AR —E R P

E
=

1.3 EEBEEE

AR A S5 LT BT, R RIEAERE “IR Rl Eean (0,0) BHE, AR/, 7R
REFRFITC T 2 A AN “TEE ML . Hr)ifil, EIXEIRRMiT, 23 RA S IHE B ).

ENX 1.9. HNArdedt=lE X
(1) £ x /il 3%EE, Rt o GESFABR U, AL v GEBEBFABV, HLV CU.

(2) BERE s EiB, 4o R C AL BIRE 2 EE.
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flhn, R™ (BCE— e, SRR BUR R LA A B RO 4R = B E B .
VT ) B T 2 [ T A SR O B A Y thﬁuﬁi‘ﬁ?l\%%ﬁﬁﬁﬂzﬂﬂﬁﬁqjﬁbﬂ LR
AT A8 B A RIS B E SONAFAE — D RRIIE % 1 ﬂf‘h" RROREBIT, 0 A1 L —» 0 ANEE
A AR A T B, (PR 05K I A e B, B AR AR BN B R i
AT HER AT T
FLRYME R B IR R 8 P 41725 (8] 2 TE F S 1Y, I 5 R W I 2 T o e e T 4R R i
PR AR A
A

Rl 1.10. %R X R#B@6 LB Eide, ML X %L,

1.4 EREBEMNEXER

EREATIEN 7 @A SE N N L R SIF T AERAR T DR ANAZ. T4 5 X 38 e e 1k
WA, I HAUEBA S ] 5.

Rl 111, X f: X > Y RELRH. RAMN THATESLEEBTE ACX, f(A) LAERETY.

B 1.12. & X, %% (U, # 2, W2 | JU, Rl 5bEEN.

RE 1.13. W REA X, Ad % EA, FA HXa AL,

1.5 HFEBRTXAEREBED
SRR ER X, AT 2 LR R,
x o~y <= JHEBETHEAC X st. z,y € 4,
xRy = XTI — KB IER Ay
AHEIAE ~ 1 L HREM R
EX 1.14. & X £IEIZ .
(1) ~ B9EANFM EARE X 9— ANkl o &
(2) X HENFNEMRE X 09— ANl EB) L.

HRBE X, BANEES SO RT X W —MROKEE T4, FMEREE S SN T X W
— AN R PR I T4

LAcs f PSet9-1-3 FEF X MALEIEE D SORAE. (HE, MhihERMEZ & RA1TE
Bl —/NIE B 7 SCA DR AR, 53 —J710, £ PSet9-1-4 HIRATERNWIR X £ J/HEER,
W LAT R ERS \szﬂzmﬂl’] Feldh, HHEIWME X 2REEEREELY, A MERERD X
SETTIR) Ry 0108 B 32 3 B 322 360 5 08 % 0 a2 — (Rl =, T BT S
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1.6 FXE[E)
MR Lec6, $HANZSH) L HEAN AN 26 R AL E T — AN BRI 28 6], BRI IRA 13 5] 7 AN

el

r(X) =X/~ W my(X) =X/ 2

EERWR X RN EER, BLAaMERRAAE PR, Bl (X) itk X A,
R, X/~ WR5gaEAERE. FIRM RS R ER N E R X ROL:

Rl 1.15. HE N 1.(X) XA REBH.

1.7 iE[E: SeREZERYE T

[FZAE Lec? IRATRE] VUM OMES: — MEBE IXT R Ob(C) AIXF R ZIAIKAS S Mor(C) =
{Mor(X,Y)|X,Y € Ob(C)} 4Lpk. LhEPiAiulk C 1 D, FATEEH — SRR T UK T A T R
k.

EMX 1.16. £ CHA D ZKHF. —ANKC 2 D& (BWE) HF F Z—ABiHih
(1) *FHEATE X € Ob(C) 2 —A3 % F(X) € Ob(C),
(2) FHEANC FEIES feMor(X,Y) #52—/ D F8954 F(f) € Mor(F(X),F(Y)), #A
o F(ldy) = Idp(x) & X € Ob(C) R,
e F(gof)=F(g9)oF(f) P& C FaIEH f € Mor(X,Y) A= g € Mor(Y, Z) m L.
fltn,
5l 1.17. & TOP R4 = L%, Bp
o M ERIEIEI,
AR AT 8] Z 18] #Y i Bk 4t
K SET AR &%, Bp
o MHEAEL,
RABATT AR XL —A “REBHT 7, FENBI 2B CHRE, FHENELE PRI C Y
A%
A AT AR ALG & (548) KRBT, B
o MHER (L) K&,
o SHARKRL.
ARAEAT AR L —AMK TOP 2] ALG R EHTFIEFNEIZ B L ey KL LS
KAK C(X,R), HHEANAELERS f: X - YV HEKKES C(f) : C(V,R) — C(X,R), HF
C(f)(p) :=wpo f.
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1.8 RF 7. M m

f)”fﬁxﬁ%ﬁdl]ﬁ MRINE R Z RSB [ X — YR SOMEER, f o X s
W SCRE Y 1A EE 3. PRI ERATTAS B — A me s

me(f): X/ ~v=Y /)~ 2] = [f(2)].
FRY] m, I RAFEITE -
Rl 1.18. m.(f) AT A4 RELM. b, 1.(Idx) =1dx,~, T(go f)=m(g)ome(f).
Ht)ihil, w. e NN ANEE TOP 2|58 A EEH T W TOP orais KT
JEB.

o [THLY ) ~ SPI—ANTFE U, 4358 o my (U) 2 Y ShIF4E. 1 f IS, £ (ny ' (U)) 2 X o
FHAE i (U) R Y B A SR, £ (g (U) S X @A 3R, T 7 (rx (F (i (U)))) =
F Uy U), L oy (f (myt(U)) 2 X/ ~ thIFE, I f REsEmst.

. Wc(Idx) = Idx/N El&ﬁj‘i

 me(go f)([z]) = [(g o /)(@)]: me(g) o me(f)([2]) = me(9)([f (2)]) = [9(f(x))] = [(g o F)(@)]-
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2 EERTERIER

2.1 EGREE R EEARG HESE IR

fE Lecl PR ATCEELEIAFR 7 “ELLIBAR” P REZEN, [HEA% M
FES AT RN, BATS RSN IR RINE S I8 IS KX RN & N Re i 1€
e

GBI PR o FRELLIEASRIE — AL f:[0,1] » X W2 £(0) = a, HHEHAMAK
e L F] eI A A S R BR A

wlan, ZEE X H zo B oy BIEE §, DRFFER RAABIERAE + 0 MESRARR —ME
U]

F:[0,1] = Q(X;20,21) = {7 € C([0,1], X)|7(0) = zo,7(1) = 21}

R P(0) =7 P)(0) = 0, F(B)(1) = o1
550 RAVER AR (X 20.50) L SR, 16 F AR
B
FIEMR Q(X:a0,01) 2 C(0, 1], X) M—AF20, ER% LRITEH TV & X £
AR N, ISR, C([0, 1), X) LT RN A B Hi A
Wi, B [ e C(X,Y), Hh X MY BRI BT S HN T B
LT A A

F:T—CX,)Y), t—F@{)=feCX)Y)
W fio = f MTEAD to € T lor, B C(X,Y) ERINE S, em 3, Znhihih &
Se.o. = {S(K, U)|K C X is compact and U C Y is open},

R H S(K,U) = {f € C(X,Y)|f(K) CU}.

2.2 EERTIEA—ESIRET
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3 PSet09-2

(1)[mo and 7. as Functors]

Prove Proposition 1.19 and Proposition 1.20.
W 3.1. 7m.(f) X T ABALRELSS. I, 71.(Idx) =Idx/~, 7(go f) =me(g) o me(f).
TEBA.

o ERY/ ~ FI—AIFE U, 558 Ly (U) 2 Y 4R B f IS, £ (ry  (U)) 2 X
THE.my ' (U) & Y 08 5219, £ (ry L (U)) & X A&l s SEHIE BTl 7t (mx (F 2 (L (U)))) =
Uy U), e mx (fH(ry (U)) 2 X/ ~ IS, T f RS

o me(go f)([]) = [(go @) 7elg) o me(F)([2]) = me(g)([f (2)]) = [9(f(x))] = [(g © F)(x)].

il 3.2. mo(ldy) = Idx/g, mo(go f) =mo(g) o mo(f).
IEBA. RALATIIE. O

(2)[Components and path componnets:Examples]

Find the components and path components for the following spaces:
(a) The Sorgenfrey line.
(b) (R, eocountable)-
(©) (RY, Tuniform)-
TE B O

(3)[Divisible properties] We say a topological property (P) is a divisible property if X satisfies (P),
Y is a quotient of X = Y satisfies (P).

(a) Prove: compactness,connectedness,path-connectedness are divisible.
(b) Is (T1),(T2),(T3),(T4) divisible? Is “locally compact” divisible?
(c) Is (A1),(A2) divisible? Is separable,Lindelof divisible?
TR
(a) POUR WG R IESE WU, TRk HEl . RS YA E SE W R AR ORIF Y.

(b) o T1,T2 ARFERE. ZRIGHFRWIEZML, ©- T2 =0 R? [THEMNMZ T2 3k
2T, AREESEMARR X FHEEHEEI Tuotient = {2, 5, {v, s}} AR T1
WA T2 H.
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o BKIOUT MRS LM, MR 7), Lindelof ££IE MU T #E RHF .

(4)[Components of topological groups]
Let G be a topological group.

(a) Prove: For any normal subgroup N of G, the quotient group G/N is a topological group.

(b) Prove: m(G), m.(G) are both topological groups. What’s the relation between these two

groups?
(c) Are my(G) and 7.(G) Hausdorff spaces?

(d) Find the relations between my(G; x Gs) and m(G1), mo(G2), where Gy, G2 are topological
groups.
TERA .
(a) o f:G/NxG/N = G/N RESEMS AFI G/N PHHE U, #EX, 7 '(U) & G h
THEE, BUNBEIRE f: G x G — G RELEMSS, bl f~ (=~ '(U)) & G x G TIFE.
o ENREERITE.
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1 BRETHIEE
1.1 BRETHER

BN 11, & X F2 Y RIBAZM. AR fo, fi € C(X,Y) R B A 4o B 5 4525 S bt
F:[0,1]xX =Y

A F(0,2) = folz) B F(1,2) = fi(z) $HEE v € X K. T FHHE fo Fo f ZI0—A
]g]'f/!:} ’!IU% fO E]ﬂ"l:‘ﬂ“ fl, 'if/f/ﬁ fo ~ fl-

HHWAEFRRAHE T C(X,Y) ER—MEN KA.
T feC(X,Y) ¥ f RN IESHE (], 0F RICRBESEM R 2HE RN (X, Y] = C(X,Y)/ ~.
MR X = {pt} R LE, BAELPS X -V SR Y FR—A . EXMEE T
CPAELLEBUR fo, f1 G BRI T Y PRI KBRS BB R IR CR L I [{pt} Y] =
mo(Y"). BEIHE [AIAE S e 18 2 38 73 ST
1.2 XTRREEMEEMIER
FEC(X,Y) M [X,Y] MARGEINTE X, Y KRG EBITETZ BAMEH:
(1) £& X, V] x [V, 2] — [X, Z],([f], [9]) — [g o f].
(2) ﬁ[ﬁ] F XO —>X1 ~ B [Xl,Y] — [Xo,Y],[f] — [fOF]

(3) #H F: Yy — V1~ F. : [ X, Y] — [ X, V1], [f] — [F o f].

RE PR R

1.3 Ffe
B ] LRI E SRS R H (W, B, R X I R Y o R R AR R
Y

EN 1.2, % feC(X,Y) AT 2T AT 5% SN,

23
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5] 1.3. # X =Y =S'cC. & f, €C(X,Y) &uest
fulz) = 2",

BB AR AR L f, BTREE, HAH, S n£00 f, REAREG. I, ZHF CS,S
M1 & E LB AHAR R e T 324 £,

5l 1.4. LY CR® &8y, P —MFH, 2oy, LA THEE X,

o EEBH feCX,Y) AT,

1.4 TAI4E=[E)

EX 1.5, a2 X T4, mREEPM dy LEA.

WL 1.6. X X ATHEN, V REEBI TN, F2AEEEA [V - X LR,

IEH. KA X RTgEasa), 442 S, S G 0,1l x X — X M ao € X #id
G(0,z) =z, G(1,z) = xo.

B 25 Ty ik
F:0,1]xY =X (ty)— Gt f(y))

R fY = X BIEMEME g Y - X,y o 20 BRI -
il 1.7. S"' RAT 449,

$ b, RATRESSUED] CRIAELRSD): S"1 SR AT4RA 4 HLAUAf7 25— MRARST £ B — S5
HP LIKREN £ AL CXBM T Browwer REIfMER, WH) |

VERLE] S BRSO\ BT A2 ) B o, T o LURLAERH B . 5 b CRIEZSD)
(R 414075 DA T LU N BV A Tl e, B, R .
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2 EEER

2.1 XTEEHNEE

DAERMNVRAELE X PERZ R ES. B2 X diRE s —MELET 2 [0,1] — X, 1
AN X TR v IR a2, B egE T =4 “REsE”

o IMIR 2z € X fA{EH (I
Yo(s) =z, Vtel0,1].

o LEAEEMN x By HIIERE v, FRATRES 0 B S 1715 2
Y(s) = y(1 —s).

o WEMKIEH, M a By 8y My B 2 1 4o, RATREGSERL P 2KIE BT 2]

1

71(2), 0<t< 5,

Y1k Y2(s) = 1 2
Y2 (2t — 1), 3 1.

ASERREIXLIE SR A BATVEZ B2 RHL. Bln, TAIRE « BERIGERE, THEERE
NATC, RIFVEHAEAE. AERE, XI5 ARAN AL .

B3, TEOLHBOR A REEE.

2.2 EMSHTHRMETE M

EX 2.1, BAVAREFH v5: [0,1] — X RiEH ~,:[0,1] — X EHAHNL, o R HE—NE LB
F:00,1] = [0,1] #HZ f(0)=0 A= f(1)=11&F vo =710 f.

LAt Y1 * (72 *73) 5 (71 *72) * Y3 HNEHSEA Vg *7Y & Y FIE S5k, BIR y A
& ., vy FIEFBISHUL.

Wl 2.2, K yp=mof 2y W—ANZEHLHMNL, RZ v~ 7.
2.3 ERERBEETAE
HEIL 2.3, (71 % 72) x93 ~

2.4 JEEEE
TR IXR B )P R L R AT AR K 2 TR i B CRNTE B S R 2 (R s S, (BT —

L ]
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2.5 XTEEEAEENEE
HLTE B L0 M 45 AP PRI B (16 28 s SURBUZ B

(1) 3i:
m: (X2, 2e) X (X529, w3) = w( X521, 23)
(e, Delp) = e * Delp = [ *12lp,
(2) Kid.

i (X521, w2) = w(Xywa, 1), [ D= [l

I I P R B
Rl 2.4.
(1) &3 m Fo i R RIFELHY.
(2) FERLZELE: X [v], € 7(X;zi,2i1),1=1,2,3, A4

(VD)

26
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3 PSet09-3

(1)[The Cone]
At the end of Lecture 4 we defined the cone C(X) over any space X:

C(X)=X x1[0,1]/X x {0}.
Note that we can embed X into C(X) by
t: X = C(X),x—[(x,1)].
(a) Prove: For any X, C(X) is contractible.

(b) Let Y be any topological space, and f € C(X,Y) be a continuous map. Prove: f is null-
homotopoc if and only if there exists a continuous map f : C(X) — Y such that fou=f.
(2)[Maps to S"]
(a) Porve: Any non-surjective continuous map f : X — S" is null-homopotic.
(b) Let f,g: X — S™ be continuous maps. Suppose they are never anti-podal,i.e. g(z) # —f(x)
holds for all . Prove: f is homotopic to g.
TEBA.
(a) BIH f AR, fE7E so € S™ ¢ f(X). FILHHIE f: X — S™\ {50} ~ R™.

(1 —t)f(z) +tg(x)
11 =) f(z) + tg(x)]l

o RUEE. BBAFLE to M o BE45 (1 —t0) f(20) +tog(wo) = 0, B (1 —1t0)f(2z0) = —tog(wo)
PRIAHBEKAR o = =. W f(xo) + g(wo) =0, S&MHTE.

o BHEW ||F(t,2)| =1, F0O,2)=f(z), F(l,2) = g(x).

o NIHITUVLH F(t,x) RIEELMT.

(b) & F(t,x) =

DN | —

(3)[Relative homotopy]
Let X,Y be topological spaces, and A C X. Let fi, fo € C(X,Y) be continuous maps such that
fi = fo on A. We say fi, fo are homotopic relative to A, denote as f; 2 fo, if there exists a

continuous map F : [0,1] x X — Y such that
F(0,2) = fi(z), F(l,z)= fa(z), VeeX
F(t,z) = fi(x), Vze A
(a) Prove: Relative homotopy is an equivalence relation.

(b) Let XY, Z be topological spaces, and A C X, f1, fo € C(X,Y) and ¢1,92 € C(Y, Z). Prove: If
A f1(4) A
Ji~ frand g1 "~ g2, then go f ~ g0 fo.
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(¢) Also define “pull-back” and “push-forward” for relative homotopy classes, and check the well-
definedness.
TEB.
A
(a) o flz) ~ f(z). BUF(t2) = f(2)
o fi(@) A fola) = folw) A filw). BUF (t,0) = F(1 - t,2).

1
e R A F0), f2(2) A fy(e) = Fi(@) A o) B F () = iiiioft;ﬁ .
(b) BL H(t,z) = G(t,F(t,x)).
(c) o il 4 F: Z — X, 54t
X, Y14 (2, VLo [fla o [F 0 Flocay

T REYE, BIEF fo 2 fi, W foo F F71~(A) fioF. W fo 55 fi ZIEAXS A KRG
Wbt N Gt x). X H(t,2) = G(t, F(2)). N
— H(0,2) = G(0,F(2)) = (foo F)(2).
— H(1,2) = G(1,F(2)) = (f1 0 F)(2).
— T 2z € F7Y(A), {EH t € [0,1], H(t,2) = G(t,F(2)) = f1 0 F(2).
o HEH.BE FY = Z, FSEH

F*: [X,Y]a = [X,Z]a,[fla— [Fo fla.

TUSE BLENE, BEE fo 2 £, W Fofo 2 Fofy. % fo 5 fi ZIHIX A BIREHS
N G(t,x). €L H(t,x) = F(G(t,z)). N

— H(0,2) = F(G(0,2)) = (F o fo)().

— H(l,z) = F(G(1,2)) = (F o f1)(x).

~ Ef z € A, fEELt € [0,1], H(t,z) = F(G(t,z)) = Fo fi(z).

(4)[S"! is not contractible]
(a) Prove: "' is contractible if and only if there exists a retraction f: Bm — S"™'.

(b) Suppose there exists no retraction f : B" — S"~!. Prove that Brouwer’s fixed point theorem

is true,i.e. any continuous map f : B"™ — B" has a fixed point.
(c) Suppose Brouwer’s fixed point theorem is true.Prove: there exists no retraction f : B™ — S,
1EBA.

(a) o« =
G:[0,1] x B" £ B L g1,

b P0,2) =@ F(La) = (0,--,0,1). W G| o, R Id SRR R,
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o = KA S" A4, (F1E F 2 [0,1]xS" ! — S 12 F(0,2) = (0, -

W4 f(x) = F(|z|,x) : B* — S™ " {f 2145 M.
(b)
(c) MRBAFEUR ARG £ B — S™ 1, B4

29

,0,1),F(1,2) =,
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B NEE

\l

1 EAKE

1.1 EAXE: EX

R X T S R B A S R AR (X)) R X H L g AR RBL yo N RUHE B
R e MR m(X;x0, yo) HAERE. (B, MR 20 = yo, M4

1 (X7 :I;O) = W(Xv Lo, xO)
EANE BN
FATREERAE R NTCR nlp, [12]p € m1(X, 20) FGERAFE

(1lp - [relp = 71 % 2], € (X, o).

BATEIEZEIC € = [ca,]p € (X, 20) HEXER [v], € m1 (X, 20)>
Vb - [eaolp = [Vlp = [caolp - [Vp-
o FEE 1]y € m(X 2o) AT, HA Y], = [3], € m(X, zo)s

P

s
Rl 1.1, (X, 20) = QUX, w0)/ ~ MR, BHRER

Ylp - D2lp = [ *72lps V11,72 € QX 20),

Smy

RiEEH A
—1

[’Y]p = [’7]177 V’}’ € Q(X7 $0)-
EX 1.2 &R m(X,20) RV 29 AR EGE KT
PRI SRSt H.Poincaré £ 1895 EFEMMEIRIC “HrBE M7 BN, G K7E 1899 B 1904 4F 2 MK R T TikHhse. fEiX Lk
L EH Poincaré 5| N T EEARBEA G R FECTEAIME, ST Poincaré Xl E B I FIASUE, X TH#EHEINT Euler-Poincaré /~HEEL,

R T ETEERSEE, HhEHEE4 N Poincaré 4. M Dieudonné, XEELELH THAMER M RGALEL, FarPE AN
KX AFPER 2, AR 2L T A

30
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ST 1.3. R FE 697 18 3Bk 09 B 2 -F LY.
TEFRATZ 22— AT B 451 -

5l 1.4. X X CR" (K—Meefedtme 2R F) REHE, 2o X £ X 99— PO m Bk
MAE T BFRA F(0,2) = FFERHE F(1,2) = zo Z RS

F:[0,1]xX =X, (t,x) > toxog+ (1 —1t)x.
MAERMK v € QUX,z0) VA 20 AR EWNEE—AEB. T2
H:[0,1] x [0,1] = X, (t,5) = F(t,v(s))
Ry Fe oy, ZIGGEBE. LR, AAZ (X, 20) ROA—ATE:
(X, zo) = {e}.

—MNERKIF R, 2 oz ARPO R E, 1 (X, 2) A7

1.2 MRETE <L

Bt FATATRES M 45 AL RIRINEE] X ML AT 2o, 210 € X, m (X, o) Ay (X, )
Z IR AR AT

ﬁisﬂﬂ 1.5. 'b‘ri o *“—' sl »T'}- X éﬁ[ﬂ’ﬁ\ﬁﬁgélﬁ%\iqy }]]32,
7T1(X7(IJ0) 27T1(X,£Ul).
ER. WX R wo Bl 2 B 2KERE, BAEHRHAS

Ami(X,wo) = m(X,21), [l [Axy A

FISUEE R REES,
A([nlp - [relp) = Al *72lp)
= [)\*’yl *72*5\]p
=[xy k Ak A x v % A,
=[xy *X]p-[)\*f)@*/_\]p
= A([nlp) - A([mlp)-
FER A RAWR, Hi AT BN ES. B A REEE . O

Fig. AR e X 9K KB E, AALEFRIR X REREBE, LFERBETRMT
A BRI PTARATT A GREIK) Hed i &, A RZFUE (X)) 1248, RMNLmf5d, AF
AL zo, 11 A (X, 1) = mi(X), ZBATRARM T 29 3] x, 6B IREGRIL. FTARA L
T REBE, ML (X, 7)), m(X) RAE—ANEIKRGGEH, RIURAFORMH L.

g, BB Ed XA LA Bl — ANl o 69 T F 89 A8 AT AR .
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1.3 BE@EZTE
FATE SRR T IC e ] BRI 51
EX 1.6, 3% X RiEide. &MNAF X LEEBe4eR
m(X) = {e}.
AR, FEANBATRALIITER, EASMTENEAZENAC:

o B b, BEEHMARLY Bernhard Riemann AL PhD 1t L3I N, iz Hie L
P AHAER T F 449 Riemann BRB 2 3L : 428 C P 20 24 AL 569 358 K IBA 54 &
AL EIR Ak

o MIEMHyTHEM TR U R C PRHLEERK, U - C o, KL fEU PHEERS
{8 R AR T 364269 35 5.

MEZ ATHIB T, R BUE RS A2 6 b i 2T X0 gl 1. X Be i TIER R”,
ESYIEEEINTIR =i R R LD P e

5l 1.7. EZE n>2, S" REZ@E. XA T @ALERGER.
W 1.8 R X =UUV, #£F

o U,V CX RFbAEETH.

e UNV AW SEHEAH.

Ma X AFEdn.

HOEZENE, {7y '(U),y (V)} 2 [0,1] F—AJFE . B Lebesgue #5/3#,
0= t(] < tl < tz < < tn =1 s.t. 'y([tutﬂrl]) C UEjaV

BN R g B () B—FWEEEU BV S UNV PRIER, ZPRT () &E UV LR
UNV H. -~y ZIE v A y(tioa) B y(t) 2 ERr 280 a rE . A

7’;71*72*"'*%
;(’71*5\1)*()\1*’72*’?2)*"'*(%—1*%)
;J’Vfﬁo*’yzo*"'*q/azo:'yxov

FEdR G — R ATRIH TR N+ v« Ay BEATKIE U BEAEE V PIFESE, MX_#HAZ
LERUSilioN O

Fig. FRLE “HRAFRERTHAARE sy ERTRNAGTEALAFO-NEFTAHOHITL:
van Kampen % 32. HAVK LG @7 C.
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CHAPTER 4. #* K#
(SY RHH2? HEE neZ, 4

ﬂﬁa

IR, —ANEF ARG RAAL: T
Y i [0,1] = St s 2™,

}J[SZ‘ [’Yn]p : [’Ym]p = [,Yner] 7,7 ’Yn * ’Ym 7% ’Yner éﬁﬁ%ﬁ;}‘#{/ﬂ‘ ;}%éjiéi}{u Hj&éﬁ

f:Z— 771(81),” = [Ynlp
TR AR f RIR B R —ANFRIA. B AR BT, KA
EAE-F ALY, FEATRMNA®D —ANTHEEARFHGH 1 FH.

R—AHRE
= B

oyt H b2
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2 EABNEMEHE

21 m 'ﬂEjEHII?

2, IEWEATAR, m =R N TERRX— i, BRRITA S f . X > Y.
w Yo = f(mo)- IEAIBAT ERE B, Wk Y1572 € Q(Xa xo) H 4t 5 Y2 4 fov, foy € Q(K yo)
H fom P fore. BANEY, fiFS—AKE KB

f* : 7T1(X, xO) — 7T1(Y, yO)v [’Y]p — [f O’Y]P
RANEEIS Idx « X — X 75 FAHRLRE 2 8] (115 55
(Idx)* = Idﬂ-l(x’wo) : 7T1(X, [EQ) — 7T1(X, Q?o).
WER 2.1. KMA
1) fo R=ABERS: fullnlp = Dalp) = fllnlp) * flllp)-
(2) =R feCX)Y) L geCY,Z), A (gof)=gio fu
TEBA.
1)
Fe(Imlp = [elp)
=/f([n *72lp)
=[f o (m *72)]p
=[(f o) = (f e )lp

=[fomlp* [f ol
=fellmlp) * fu(lralp)-

(2) (9o f([V]p) =lgo forlp=g([f o7]p) = gx 0 ful[V]p)-

YEREER, BAVERIRAHE - NMHINAEE:
L 2.2, R f: X oY R—ARMKE, FLAKMNEEHRH
(X, 20) = T (Y, f(20)).

NTUIE m £ DRT, BATFHEV . R BIRATLIE 28 B CBRHI 758 i 8 4 4
ARulE T, 2o H CRBIE “ SN asE” PointedTOP,

o XWBGERININER (X, 20),

o AR RUESIML”
f : (X7 ZI?(]) — (Y7 y())7

Bl feC(X,Y) Wid f(xo) = vo.
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WAERATRE SN E L 72— T
7 : PointedT OP — GROUP

13
(X7 l‘o) ~ 771(X7 l‘o)

felC((X,x0), Y,v0)) ~ fi =m(f) : m(X,z0) = m1(Y, yo)-

2.2 JUTEX: BEFNHE
2.3 7o M m FEAEMERFMAE

55 SRR o Ay MIECH m (X, 2) MAELL o A2 S B T8 B [FAe 28, FRAT
QECIEVR En

P iE UL, m (X, x) AT RS f 2 (SYp) = (X, z) MIFEEEN2E

PA—Fh a8 AR 7 2,

mo(X) = mo(X, z) = [(S°, p), (X, 2)],
Hep=1€8={£1} =9I c R. iLTAVER—F M4
2.4 [EMEEE 7,
e, XT 0> 2, RATRESEH R 5L AU E ST
f:(8"p) = (X, 2),

= (1, ,0) € S® = 9B™ C R™ PIANIZRERIBLGT f1, fo A2 S B A RATAE — N ISR
[0 1] XS”%X{WE

=

F(0,5) = fils), F(L,5) = fals), F(t,p) = .
KFEREEXLT C((S™,p), (X, x)) EFI—AEEFNRA.

ENX 2.3. R kayELiek
ﬂ—n(Xv £L’) = [(Snvp)a (Xv iL')],

CHARNEF n B
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3 [REEN

3.1 EFEMN
EZBAN R4 XY 2FRIRE, efE X ~ Y, Wil
f €eC(X,Y),geC(Y,X)st. fog=Idy,go f=Idx.

rMeggz3mE X ~Y, 4
(X, x) =~ m (Y, f(x))

FHHFESLE m,(X,2) ~ 1, (Y, f(2) X THER n AL,
F—Ji, BATEAE X 2 Y H m(X) ~ 7 (Y) 5, i

m(RY) = mi({p}) = {e} . Vk,

HHFELE 7,(RY) = m,({p}) = {e} MTHHK n Al k ZBKAL.
EREREE—NMEFHEASENMRR: MR X ~Y, B4 X MY GHEZSHEIRHRIMER CE%,
BN, PTREENE, AT, SRS | IERATE RN R A AN 5515 2 AN G R

EX 3.1. £AAr X A=Y ZRBFMG, T X ~Y, X
3f€C(X,Y),geC(Y,X)st. fog~Idy,gof~Idy.

XGRS [ o g AE X Fo YV Z B9 R 4.
FiE.

(1) X, f Ao g AR ET EARHIMAE . CNVRL AT E B

(2) BARWE X ~Y I X ~Y.

(3) BHBIERRFNA—ANFNXAR.

(4) K3HEHHBAR (%W, 5 &K, T, TEEHES) HRARCENTHRHE.
il 3.2. £MA S" ~ R\ {0}.

3.2 U4 = FFENT—=

[lZ: —ANRIEE X BAHERTE Idy - X — X 200, NisHEEBE f @ X -
{pt},g: {pt} — X, &i1H
fog=Tdyy, gof~Idx.

BAE UL, TR X ~ {pt}. XERHT RF MR FERERXE, &HFERHBIHER X
HEZSTE C(X) = X x [0,1]/X x {0}.
M, R X ~ {pt}, LTELE

X —={pt}, g:{pt} =X
15 go f ~Idx. KN go f & —AEAEME, FASH Idx 2. Ha)iGul, |ATE

Ml 3.3. X RT4%8 <X ~ {pt}.
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3.3 ™ WIEMREFEMN

SR E D AME AL RS S TARAZIOREE, & 5 U0 IR BRI V2 IR Fr 0. IR AREAY
PLEAEFE SR T OREF. SEse 2 it

EE 34. X f: X ~Y A—ARKFN, 2L f.:m(X,z0) = T (Y, f(zo)) R—NFHRA.

N T UE I E B, AT E G UE W R AW AN AR 55 5 T LF- A R OB RS . SERA DI, & £, fs €
CX,)Y), Hfi~vfolE e X. HF:[0,1]xX =Y & fi 5 f, ZIAWEE. B2

At) = F(t,zy), 0<t<1
My = fi(zo) Bl yo = folwo) M—2KTERE. B
Arm(Yoy) = mi(Y,ye), [ = sy,
e HER X S R AR
S| 3.5. AN m (X, x0) Bl my(Y,y0) BERM, (f2). = Ao (fi)..
B ARHL [v], € m (X, 20). FAVAHEMIE fo oy Al Xx (fL o) * X ZAIFIE K. 4

O
IUAEFRA TRAE B AR 1) [R148 A AR A«
IE. A fog~Idy, BAMGEH
Ao f,og, =Id:m(Y,y) = m(Y,y),
FTLL f. S2ils. MR g o f ~ Idxy EWRE
Nog,of, =1d: m(X,z) > m (X, )
M fo FEERIE. BTEL f, SRR O

NI}
HEP 3.6. LB T4 T 2B EiEe.

#iL 3.7. T (R*\ {0}) ~ 7 (SY), B 7 (R™\{0}) ~{e} % n=>3.



CHAPTER 4. #* A# 38

4 PSetl10-1

(1)[The fundamental group of the product space]
(a) Prove: m (X X Y, (z0,y0)) = m(X,20) X (Y, o).
(b) Does the same conclusion hold for arbitrary product? Prove your conclusion.
TR
(a)
@ m (X XY, (20,90)) — m1(X,z0) X 7Y, 90)
[dp = ([p1 0 s [p2 0 al)
A UAFEON S AR K 2 7 ZE A0 E -

o o WREM, WA TREIC o L. RFFEIERFECH p, B N REERIE
% A48
o o HEFES.
@([O‘]p ) [mp) = o([a * mp)

= ([proax*pfly, [p2oaxpl)
([Pl O« * Py Omp, [pgoa*pQOﬂ]p)
(

[p1 o a]p “[p1o 5];» [p200a] - [pso B]p)
= ([proal,

[p2 0 al,) - ([p1 o Blp, [p2 0 Blp)
e([alp .

[o([8]p)]

o o e W R BTE S G P KL 2 18 F 1.

(b) WL WAE I

(2)[Base point change isomorphism]|
Let X be path connected, xg, 21 € X. We have seen in the proof of Proposition 1.4 that any path

A from 1z to z; induces a group isomorphism A : 71 (X, z9) — 71 (X, 21).

(a) Suppose \; is a path from zy to x1, Ay is a path from z; to zs. Let Ay, As, A3 be the
corresponding group isomorphisms generated by A;, A2 and A; * Ay respectively. Prove: As =

AQ o) Al.

(b) Prove: m(X,x0) is abelian if and only if for any two paths A, Ay from z to 7, we have
A1 - AQ.
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(c) Suppose X,Y are path connected, and f € C(X,Y). I want to prove that the gropu homo-
morphism f, : 71 (X, x0) = (Y, f(20)) is independent of the choice of xy. Please write down

an explicit formula/statement and prove it.

(b) o = HHE A, 0 A" =1Id.

Ao AS (X, 20) — mi(X, x0)
[’7]17 — [/_\2 * )\1 * 7Yk 5\1 * /\Q]p

HERE] [\ # Ao, € mi(X,m0), AT Ay 0 AT = Td.
o = NHEBRBULE 71 (X, 20) FIREHAUITN (A + Aol M7,
()
W 4.1, % @ Frozy B X WR—ANESBEDY L P, LT IIE R LR,

T (X, o) LN (Y, f(z0))

o e

(X, x1) L T (Y, f(z1))
HP Ax REA 2 Bz 9—FEH N 5T, Ay £ fo ) HFH.

TR

[, [fonl,

! !

P\*’y*)\]p — [foi/\*foy*fo,\]

(3)[Retract and deformation retract]
Recall from PSet08-2 that a subset A C X is called a retract of X if there exists a continuous map
(called a retration) r : X — A such that r’A =1Ida.

(a) Suppose r: X — A is a retraction from X to A. Let ¢ : A < X be the inclusion map. Prove:
For any a € A, the map 7, : m1(X,a) — m(A4,a) is surjective, and the map ¢, : m(A,a) —

m1 (X, a) is injective.

(b) We say A is a deformation retract of X if Idy is homotopic to a retraction r : X — A, in other
words, if there exists a continuous map (called a deformation retraction) F : [0,1] x X — X
such that

F,z)=2,F(l,x) € AAVz € X and F(l,a)=a,Vac A.
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(i) Prove: S™ is a deformation retract of R™*\ {0}.
(ii) Prove: X is contractible if and only if it deformation retracts to a point.
(iii) Prove: If A C X is a deformation retract, then A ~ X.
(iv) Prove: A C X is a deformation retract of X if and only if it satisfies the following two
properties:
e For any topological space Y, any continuous map f : A — Y has a continuous
extension f X =Y.
e For any topological space Y and any continuous maps f,g: X — Y, if f‘ 4 1s homo-
topic to g’A, then f is homotopic to g.
TEB.
() o . SRS,
e & [y, em(Aya), Hioy~ry,, WAL X FRERE® F:[0,1] x [0,1] — X, f##3
F(0,6) = 107, F(1,t) =70 GER F THEHIS) A W4ED W 1o F (84 5 B, 15 A
hTE [ 18

(b) (@)

x
L—t+t|z|
() X W% Ty FUETRA MBI < 58 AR X ARG,

(iii) r: X = A, t: A— X.

F:[0,1] x R™™\ {0} — R™™\ {0}, (t,2)+—

tor=r~Idy, roct=1Id4.
(iv) o« =
— f=rof BIFFEER.
—G:[0,1]x X =Y, (t,x) — f(F(tx), WG 5 f|, ZIEAFERGBE. bk
B f T g.
o — RANMLSTREMSIESESN N r: X — A, ERHIE A Bl Idy BREE A L,
o 5 Idx FfE.

(4)[Homotopy extension property]
Let A C X. We say the pair (X, A) satisfies the homotopy extension property if for any continuous
map foLX — Y and any homotopy G : [0,1] x A — Y with G(0,:) = go = fo‘A, there exists a

homotopy F : [0,1] x X — Y with F(0,-) = f, that extends G, i'e'F’[O,l]xA =G.

(a) Check:(B™,S™!) has the homotopy extension property.

(b) Prove:(X, A) has the homotopy extension property if and only if ([0,1] x A) U ({0} x X) is a
retract of [0,1] x X.

(¢) Prove: If (X, A) has the homotopy extension property, so does (X x Y, A x Y for any Y.

(d) Prove: If the pair (X, A) has the homotopy extension property, and A is contractible, then the
quotient map p : X — X /A is a homotopy equivalence.
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S HIE AR

1 m(ShH

1.1 & 7 (S

RNTHE m (SY) =7 (SY 1), BATE ST #E C 75 B L, AR ES 7 (S") ~Z, &
St EFE o BIXTNT noe Z.

FTCAERATTR 2 Z Ry (S*) Z 08— AN BRI, TR A2 25 5 G LI

®:7Z — 771(81), n— [Ynlp,

v :[0,1] — S, s &P
T ERIER] T oL & RAFFZS. IAEFRATEE N
EIE 1.1. & AFHRM.

I, TAEMAAAE 7 (SY) ~Z, &MiEFeid (S 1) TAE [y1], & [v-1], ER.

) SIETR

i_:‘E%'::y Sl ~ R/Z ﬁﬁﬁg%%:‘l‘ T — eZTrix.

R

lr

Y Sl

BORBEM — i R ZHEMM. 327 X, RREERpAL L, 0] LA S R e
Step 1| ® ZHEHEZ.
Step 2| ® JEiF .
Step 3| ® & HUt.
B ®(n) = ®(m), BIFLEERFLE F:[0,1] x [0,1] — S & v, Al 5, B—RAATG S!
FHIEASHR TR R. T AFRAN R

IR T FAEME—I F:[0,1] x [0,1] > R & F(t,0)=0, poF=F.

41
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AN SR, B4

po F(0,1) = 7 (t)

42
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2 EHS|IE

2.1 BHSIE

SI38 2.1. “RELMH F: PxI— S, it Fy=
;IL/"%‘H— i /I%/% ﬁo =

Flpy oy BR Fy 8935t F,, GEE—W F 8

ﬁ‘Px{O}'
it 2.2, dE—M, HTROELGRAZLRSY.
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3 PSetl10-2

(1)[More fundamental groups]

Find the fundamental groups of the following spaces:
(a) S' x R™ i PSet10-1-(1), m(S' x R™) ~ 71, (S') x m (R™) = Z x {e} ~ 7Z,.
(b) R*\ {0} ~S*, [k 7 (R*\ {0}) = 71 (S') = Z.
(¢) RM\R"2 ~ R"2 x (R {0}), B 7 (R™\R"?) ~ 7, (R""2) x (R*\ {0}) ~ {0} x Z ~ Z.
(d) The Mébius strip~ S'
(e) Z".
(f) 1 van Kampen SEH, 71(S?2VSY) ~ 7y (S?) s 71 (SY) = {e} x Z ~ Z.
(g)
(h)
(i) R*\({(0,0,2)|z € R}U{(z,y,0)|2* + y* = 1}), EFMEZFH T30, 2 W.clever-homotopy-equivalences
8)
(2)[The induced group homomorphisms]

For each of the following maps, compute f. on corresponding fundamental groups.
(a) f:S' =Sz 2™
fe i Z — nZ,m — nm.
(b) f:S"— S xSz (2™, 2").
fo 1 Z— mZ x nZ,l — (ml,nl)
(c) f:S'"xS? =S, (21, 29) — 227,

f* cLX 1— Z, (tl,tg) — (mt1 +’I’Lt2)


https://www.math3ma.com/blog/clever-homotopy-equivalences
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ZE77g]

1 EXEHF
FEUER) S (ARSI ERIN LG HE 1B 2 R B p: R — §1 19 “RMSATISME”, EIZECE S i
FEH (U} 7
e p7 Uy =V R R R IHERIE,
J

o A ph =gl VU R

For PIXFER) “EB LN U2 AAE, FFHIXMESEN SRAREYIMIG: MUESL
M RERS F R TH R 5 I 2 (] R B AR, FEARBE RS F Ok 402578 S 2% 0], iEFRATT IRz e X

EN 1.1, 3% X R—ANBIEE.X - ABETHR—ANEITE X fo—ANESBRHp: X > X
(VB Zg) AN TAEE v e X, B4 ¢ W—ATFARB U #H 2L

(1) p ' (U) = JVa & X+ REF R4,

(2) MEAN a, S p, ::p{va :V, = U ZRJE.
A X FRIEAZN, X ARSI, WEDS ze X, g p ' (x) #1E 2 LRI 4.
BOHEM, A4 p ' (x) WHBRJEIHE AR, I E—AEE 73N B R AR 4 2 5 5501
BAVE BREE X R X RGBS, 750 BB B 2 3 (T4 Xo C X, pY(Xo) 2
Xo BB, FEBE X BREBNEZLET, X WEEERS IR X MESSN.
T 78 S ) ) — e
5l 1.2. R A S' 9 F&=0E, BEEFH p:R - S o ¥ £, S 4% LF S M TR
AR ST W FEEENE: A n e Z\ {0},
pp St — S, 22

Gl T S 4 |n| ERE.

5 1.3. & 34me st
exp: C— C* =C\{0}

45
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R—ANFERS: SFEANS 2 =1 € C*, KRMA exp '(2) = {logr + 2kn +0)ilk € Z}, BZESH
IRIE exp A —ANE B BAT. RGBS

pp:C"—C*, z+——2"

HEZE n e Z\{0} —A |n| T &. 2R, WRMGBYH p,:C— C,z— 2" RE—AFE LS.
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2 iRAMR

EX 2.1 3% f:V - X A—AEguwg KESmks Y > X R f9—ARA, wRpof=/f,
BT 5 B & Tk,

< >

2.1 =I5
SI3E 2.2. Ky R Y FH—K#EH. AL foy BRARZ for.
B ATHRE, BATH
3138 2.3 (1&7+515).
SR P ECN {pt} A1 P =10,1], F&A1453
Hit 2.4 CEMIETHER).
L 2.5 ([FMBIRFHER).
FERE] p~ ' (zo) MEGREE, & MEEAZHIFES, BATE FIHEHK
L 2.6 (K FEIGIRTHER).

2.2 —RIEANE—MSEEMN
IAERAT S Fe— M B . s B3R T At — P B 2 AL ).

2.7 (Tf&ﬂﬁ)ﬁﬁﬁﬂﬁ MY, % p: X - X R—AFERS, [V -5 X A—ANESmH, &
Y - X R fOAEANRI. XY REEY, BIRALE yo Y BT fily) = fo(yo). AR 4

f2-
—IRISRTHIOAEAE ME S SN . RBE f (ARTE JAFAE, WATRATAE I < A" MEE.

:’“ \' t|>
[ f‘m

R, o om R8T IER, RATE
Fo(m(Y,90)) = po(fu(m (Y, 90))) C pu(mi(X, Fo)).
P FZARAN TIRTH A AER U 2 78 70 (0, R EERRATMBRBE Y T8 I A =) 0 B i 1

/H:EEE 2.8. ig-\ p: (X .’,Uo) — (X .’Eo) Ti'fg Hjigf f (K yo) — (X, .’L'()) lééj{: ‘!(U% Y %ﬁ%él@éﬁ
F AR BB LB, LRSS [ HESHRY

(%) fo(m (Y, 90)) C pa(mi (X, %0)).
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5

T 2.9. &y € Qz,20),7 Ry AT AR EHRI. IR 2L 7 € QUXo, Zo) <= [1], € pa(m (X, F0)).

T 2.4 69iERA. RAFFe .

Tl yeY, B Y lBEmt, FaE—%E% v My 3 y.

£y B X PR oo T f(y) OB oy, UL 2o M SMIEF N For.

¥ Fy) BN Fory(l). RATKH T F MR e, B 7 Rdsm.

HUEE o M1y (95— SIEH ', BATERH oy A f oy A HIFINL M.

KEMT (why?) B Foryx fors 1N QX,z) HINTEE, HIRTHERE Q(X, 3,) H.

SR EME £ (11 (Y, o)) C (i (X, Fo)) AT 20 i B RATE 1.

H p R, F RIS T R BAR I, PUAE R RIRATHT LLR M f Rm N p o f.

BAVGIXPEN, FEBE Y 11000 e e P 7 7 W B

b yeY, WU R fy) MBRDSIE RS, p'(U) =] |V

FEEF], p REIERS V, EA SRR

B, HRIRATEFRIE f=p o f W f MESME, BATLFURRI B — A y 4
BB TRV, X IE R Y 0 53050 B i A AE £ 0
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2.3 a:m(X,z0) — p o)
ES( 2.10. ‘LS"( p: 5(: — X %%%Hk%, p(i’o) = X9- E)L
a: (X, z0) — p (o)
[7];0 — 5’(1%

HEP 5 Ry T, AR LGRS,

5
&

2.11.

(0) @ FRERA, BHEMAELEH.

(1) o Zi#HHt.

(2) %% X RF&HTH, A o 2E4. THER Munkres5).6b, B L %— 5.
.

(1) BUABATSREE X AEBEEN, FTUSNEE 7, € p(xo), TATREBILI X hig—4%id
M 3o Bl 7. FBA vy =po ) € X, xo). BHIRTFHIME—ER a([y],) = A1) = 7,.
(2) L v, € Q(X, x0).
a([(Vlp) = a([y']p) BEWAE 5 M 5 AR KRR .
T X — > B 1 s Al Rk g R
W I TE R FC ALY T REAF ] o A o/ (&R RIS, DRIy £ o



CHAPTER 6. &&=

3 BHER
Bl G AEMERERINENR X b, MBS p: X — X = X /G I 25 S w2

Eig. @i

o BMEKMNEN g, v g v RELBA

o RMERMBEHMEARLFEYW, FWHE G/kerp, £+ p: G— Hom(X).
EX 3.1. HEMER X RATRESYW, WRNEE rc X, BEFARKR U, #HL

(9-U)NU, =@, Yg+e.

W 3.2 p: X > X AREEMHLARY GTX AARELH.

TE B

= Il 7€ X, it o =p(@). KN p REBY, FrOEE « WA U, 18 p'(U) =

A & € Voo HEH g # ¢r BEH pop, =ps FUMFE B4 il gV, = V.

50

| | Ve

«
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4 BEX

B A 1]

o1
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5 PSetll-1

(1)[Products of coverings]

(a) Prove: If p: X — X and p’ : X' — X' are covering maps, so is their product px p’ : X x X' —
X x X'

(b) Let p: R — S' be the standard covering map. Prove: The infinite product H D H R —
neN neN

H S is NOT a covering map.
neN

(2)[Fundamental groups of covering spaces]

Suppose X, X are path-connected, p : X5 Xisa covering map, and p(Zg) = zg.
(a) Prove: p, : mi(X, &) — m1(X, xo) is injective.

(b) Suppose 7 is a loop in X based at 5. Prove: 7 can be lifted to a loop in X based at Tg if and
only if [1] € p. (1 (X, 7).

(¢) Prove: the index of the subgroup p, (m (X, 7)) in m1 (X, x,) is the cardinality of p~*(zo).
(d) Prove: If the base space X is simply connected, then p is a homeomorphism.

() Suppose 1 € p~'(z0). Prove: As subgroups of m,(X,z), the two groups p, (w1 (X, %)) and

p.(m (X, 7)) are conjugate to each other.
TEFA.

(a) B p.([7]p) = (ol

(3)[The Klein bottle via group action]
Let G = <a, b’a‘lbab = 1>.C0nsider the action of G on R? generated by

a-(z,y):=(=z,y=1), b-(z,y)=(z+1y)
(a) Check: This does define an action of G' on R?
(b) Prove: The action satisfies the condition.
(¢c) What is the fundamental group of the Klein bottle?

(d) Also check that the quotient space in Example 1.9 is Klein bottle, and thus T? is a double
covering of the Klein bottle.
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TE B

()

M) g-(z,y) =z, y<=g=1, TR g-(x,y) # (x,y), WU,V EFE, UnV =0, gzy) eU,
(z,y) eV, gt UNV=ULE g UNU =w.

(c) G MBUERFTER LA [, o] 4 HESHER (—,0) ~ (—5.9) (1-2,1) ~ (- 1,0),
Bl R?/G A Klein i, H (b), m(K)~G.

(d) id (Z?w) = (ezﬁae%Tis)’ (tv S) € [Oa 1] X [Oa 1]/ ~ (0’3) ~ <1a5)’ (t7 1) ~ (t,O).
72 5 T2 IR & XA

: : : I 1
(Z,’U)) ~ (27 —U)), (e2ﬂlt762ﬂls) ~ (e—27r1t7e27r13+7r1)’ (t, S) ~ (—t, 54 5)

e AR TR [0,1] x [0, %] W, (1—1t,0)~ (t, %), N TY/7% ~ K.



Chapter 7

BEEEBTER

o BB opm(X, o) = mi(X, @) A
. TIEEREKEGIT.
o .
— R RG] T R,
— e R R (R R O T B R 2 .
. IR

1 hEEE

1.1 HBEEE

o BEPIMFAENEZ AR K R,

o poim(X,T) = m (X, x) A HH

o [m(X1,20) 1 pu(m (X, 70))] = [p~ (o))

o X Py ERTHE X S BALY (1], € pa(m (X, F0))

o pu(m(X,3)) = g7 pu(mi (X, F0))gs g =yl FEF RN Do Bl @y H—SRIE R

(X, o) (RS2 6 5 FRE m1 (X, m0) I I —— X 7. BEARERR/S, 775 2% L.

SEIB. Galois 32k 3T R KAGRIEIE 49 Galois BEARN & &2 869 Galois 2.

£ PSet11-1-2 FRATCAEE] p. : m (X, 5o) — m(X,xo) . B (X, z0) BITHE
pe(m (X, o)) T 7 (X, %) AEMEBRET 7 (X, z0) MTHA X HESZ W2
SERE. FATE S 70 (X, o) HIBR/NTFREFEGE, B {e}, XAH TRAMESN.

EX 1.1 BMNFEEEE X 2 X 7 AEEWE 1(X) = {e)
5 1.2.
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(1) p:R=>Shte?™ m S RES' WA HEE.
(2) §* - §?
(3) R? - T?
(4) BT, DAY, WFAREE, L£F n>2
(5) S" & RP" A A K&, HF n>2.
(6) S* & L(p,q) 4977 # B &,
(7) SU(2) — SO(3)
718, Spin(n) — SO(n), =%

8) Caylay graph of (a1, - ,am) #l Stv---Sh.
(8) Caylay grap

1.2 HAEETENEFEN
SEEBWY p: X — X.
KMERE @ € X, APFE o AR U A X shIIFeE U 1843 p|5: U — U ZFAK
BUE U RNy BB AT U it 5.
WX RAAEE, Moy € X PlgRGTH g, Ay 72 X ik e 5 g
PR)ED, WML« € X, TR o AR U 8 U PIEE X hRERH
MRS« FFIREAA L m(U,2) - m(X, ) AL
BN 1.3, B4R X R¥ERHILERY, WwRHEE z € X, AE ¢ KR U RIF0 050
H U X FFHERSE 1. m(U,z) - m(X,z) Z-F L.
EIE 1.4, ok X Rilisskill, HIdssd@ Ly hiP e, Mash X W7 AEE X.
GER.
(1) M5t X = {[1], | VX Lhao Nile 5t ).
HEREE p: X - X, Y] — ~(1).
(2) “JRER” KE p ARG
BESTE X BRSO AR, SEhR EANREIRIRH.
BATE G S — ML E A p PRI L2 WU,
SHERE LA 2o A AURER v: [0,1] — X, 4 U C X £ (1) Wiligdim HAEE U b i
7 X PRQEOIFABEL. U MRIE YR, OB BEIE A — 2 EEE, T e
S S LR MO R ) T — R, BT AR U IR SRS R AN ) i i
SRR TFARIR, P4/ KI5 L BT S B B IR ATICAZ R Sl B R ) 52 S s AT
BITARIER, HRAAAE— DT HIJTARIR, SR TE SIS .
S U, = {[y * N, | MEUFR IR HA0) = 7(1)}.
FATBABN] U, (958 CNRET v (B FER, X8 U, 42 [], FER— %S
AHERE p|,, AU
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(3) X LRk,
U = {Uopen, pathcon, semiloc} & X WI#FM—42E.

(4) p EE B,
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2 BEZTEMSE

2.1 THEREAFNEE=ENEEN
2.2 BEZEHEH

EN 2.1, EMEBANEETR p Xy 5> X Fopy: Xo > X RARAMORREELE—ANREL: X; —
X, #3 TP A&
X1 I ? X2

K WAUE R EN R R,

fﬁi‘&pl X1—>X$D P2 X2—>X k'flﬁ/]! %B/l\xj-ﬂ:#/\.ﬂiﬁ/] -TQGXy x1 Epl ( ) E:X
Ty = h(Z1), MBAFNAFRNH B

()?1,571) +> X2

oA

5] (p1).(m1(X1, 1)) = (p2) (11 (X2, 72))

RR 2.2, 1% X R REB, BHIAEREDN, p ()?17531) — (X, 20), p2 : (Xzai“z) — (X, z9) A
ANE B F AT, MALER EOFEEZARM b (X1, 51) = (Ko, d2) SEHRG (p))ur =
(p2)*7T1(X2,$2)-

IEH. HSETHER, O

2.3 BETERIME—M4

2.4 BETEMSA

TP 2.3 (BRSMOHLEM). 4 X dkdil, HERKE, FHI kD

(1) (A 5] Bla—A——tf, EHBEDEETAQRESGRAME, F, (X, 20) 89T
(2) FHAL. BE—A——3ti, EBETEEETANRNE, f, m (X, 0) OFHHLELE,

#iL 2.4. & p - (5(1@1) — (X1,20), p2 : (5(1,52) — (Xg,20), R (Pl)*(ﬂ'l()zvlafl)) -
(p2)«(m1(X2), T2), AABEEE ps: (X1,Z1) = (Xo, @2) 215 p1 = p2ops.

Wit 25 w2 p: X > X AAHEEN2p: X > X RA-—ANEE NLGE—NEEY X = X
1/ p=poyp.
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3 PSetll-2

(2)[Covering group]
Let G be a topological group.

(a) Prove: m(G,e) is an abelian group.
(b) Prove: If 1,72 are two loops in G based at e, then [y1 * 2], = [1 - 2] = [72 * 1],

(c) Let p: G —Ghbea covering space of G, path connected and locally path-connected. Define a
map m: G x G — G by
m(@, b) := p(a) - p(b).
Prove: m can be lifted to a map m : G x G — G with m(é,é) = é.

(d) Prove: Any covering space of a topological group is a topological group.

TE B

(3)[Classify covering spaces]

(a) Find all path connected covering spaces of S* v §?

(b) Find all path connected covering spaces of T? = S' x S*.
TE B

(a) m1(S'VS?) = Z, & THEN nZom € NU{O}, o S'VS? M iE B % X = {[1], /RS NS = 20
FEE B, EEM KR 1], ~ [elp <= 1m*72]p € nZ, {X/ﬁ} B R ——TF S'vs?
(1) 4 S 7 2 2 1)

(b) m(T?) ~ 2%, &HTHEAN 1, (p, )22, (p, )27 + (r,$)Z°, et ps —qr £ 0, [ (a), EfS T?
A B S (] —— XL
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Van Kampen EIH

[FMZAE Lec19 H, FATEW X T n > 2 7 71 (S™) = {e}, I HPIASZHE BRI ) 50
TR R S, JFE S™ AR AR IE B [FAE 1B SR Ros A TN AE A S T AR 1) Pl
AR EATRACIZA T 2 2 T AT RANX LT A FEE ISP

1 —LEEp

1.1 S' xS # S'vS! RUE AR

RICEER 7 (SY) ~ Z. D EEHES, BATE 7 (S' x SY) ~ 72 FEEF S x S i
FEARBEA WA BT S B
1.2 HEH#

Z Wik HAREZE L Abstract Algebra

1.3 BRI

Z: WIE HAEZE 1L Abstract Algebra

1.4 FEABEHEMR
IAEFRAT 5 SCRHER 1 E L
EX 1.1. % G, H Z#. &M= XL F AT KRR
S =818y 5y
AP si€eGRHHEn>0 FrAFOESMRT —/NE
GxH={s1s3-s,|s; € GRH},
A CEBEAANT Fe CRFTAMRZAB G A H KA RAR
FAUIAT AT L LR G I E BN

x,Go = {3152 . --sn|Vi,3a s.t. s; € Ga} .

59
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1.5 RS BERAR
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2 van Kampen EIE

2.1 van Kampen EI2

WARMN L UESITFRAARY FHELE R van Kampen BH. B2 — A WM THE, MHE
AR IR I 0 — LA IR AR TR AN P A T R R A
2.2 van Kampen EIE: —iRiRA

van Kampen B T 04 IOARAS, P AERZ MM ERER X 2R Vrm. B
PRI A BRI UE AT — R (R RRAS B IE B —#E S, IF B I AR I E AN e ) RS (3R, 3ATIHs
W3 IR — BRI

EIE 2.1 (van Kampen, —fThA). & {U,} £ X 89— AFREEHFEHAN U, RERFEBG L AL
—ANE R vg BEMAN U, F. 4

Ja 1 T (U, o) = m1(X, 20)
AMHBABRS U, - X BFHERS. &
& ¢ xqm (U, 20) = m1(X, 20)
A ZMR PR LRI RS,
(1) BEANE U, NUg #AAESEBE, IBA D ZiHST
(2) =R ssh, HEALE U, NUsNU, ZREHEEL, IRA ker(P) £ N QEATH, HATAN
49 Lapiga (W)t RIPTA L& AR
2.3 van Kampen EIERIER: —iZhRA
B, =ANE.
(1)

(2) Grothendieck’s proof Fulton
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3 PSetl2-1

(1)[Smallest normal subgroup]
Let G be a group and S C G be a subset.

(a) Let Ns = {H‘H is a normal subgroup of G and S C H} and let Ng = NH € NgH.Prove: Ng

is a normal subgroup of G.

(b) Prove: Ng is generated by all conjuages of elements of S in Gi.e.

Ng = {(:1 . ~-cn|n >0,¢;, = gisigflfor someg; € G, s; € SUS_l} .

JEB.
(a) Vg € G,gNgg™! :g< ﬂ H) g ' = ﬂ gHg ' = ﬂ H = Ns, ¥ Ns<G.
HeNs HeNs HeNs
(b) SC Ng H S™" C Ng,H Ng IERAI Ng D {c; - -cn}n > 0,c; = g;s:9; ‘for someg; € G,s; € SU St
H4h, H = {c - --cn|n > 0,¢; = g;8ig; for someg; € G,s; € SUS™'} M2 AE Ny MIIEM
TH#E, A Ns C H.
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EAREHINMR

\l

1 m(SH~zZ B HA
m1(S') AMUEEE — AP FURIFEARE, 2 e BB AR, A5 28— Le i

1.1 HEFZE RS ENERRE
1.2 X4 R* 1 R”
Spectral AR T2 T X 44k 4218, i,
B 1.1. F n >3, R" ~TR&ET R
. W R ~R?, M4 R\ {0} ~ R*\ {0}. {H
R™\ {0} ~S"7", R"\ {0} ~§'

H m(S" ) ={e}, m(SH~7Z, FJ5! O
i,

o FIMEHEBM, BF g, R AARETFT R, £+ n>2.

o AA T, KMWIRIAET R> REET R, £+ n>3.

o —fxd, FIA 7, HAVREIEH RF REET R, £ n>k+1.

1.3 FUa4sE
BFAVBERE R 1 SRAE B FAS 125 [0 A 2 BN 25 1] AR IR AR %
R 1.2. S' TRAAEAERE D 9.

IEH. 1 PSet10-1-3-(a), W% f:D — S' 2—M4E, B4 r.: (D) — mi(SY) Z2—MFdH, X
FATRERIEAN m1(D) = {e}. 0

FAIRATAT LIS : S (RN AR S? B, S'vS' FR S x 8% RIlsimss.
N i £ A7 U T2 IR AR T A 2 I S A B R T 200, P96 R At
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WER 1.3. ARG TRAE Mobius 69146 .

IR, R AR ST N B, LR ST A C.
*E .. B—> M,
t(1) = 2.

;ﬁﬁ?‘j—: T ,TE?‘T_EJI“ T*OL*:Id (|

1.4 Brouwer AEIEEE (n = 2)
EIE 1.4 (Brouwer Ag) ). s FAEZELEWH f:D D, H£& po €D 1EHF f(po) = po.
B R f(p) #p WATA peD Wor. WBARMTLLE X g: D — S it

g(p) = S*5HLL f(p)pHIAE 4.
AT CABG AR ¢ 2SR, H g’Sl =Ids:, PFLLS! 2 D WM&z, FE! O

1.5 KEBEXREE
IR 1.5 (UHFAEH). p(2) =2" 4+ ap 12" '+ - +a1z +ag £ C LA
B, B p(2) # 0 XHER 2 KoL,

i FoS S PO O
Ip(2)]

1.6 Borsuk-Ulam EI& (n = 2)
£ Lecls HIRATRIFE@ENE, B o, WERH 7RI

EH 1.6 (Borsuk-Ulam, n = 1). s TAEEESE S f:S' 5 R, A4 29 € S' 43 f(z0) = f(—20).
BAEBATFIA 1 KIEH

EHE 1.7 (Borsuk-Ulam,n = 2). 3 FHEFEGEBM f:S? - R?, A& x € S 1E1F f(x0) = f(—=0).

IEH. O
e Ik ) P B v 4 ) AN AR B AR 0 [RIAG i ERR AR, RATRESUE ]

EIE 1.8 (Borsuk-Ulam). 3 FAEZELBA f:S" - R, A& xo € S" 1EF f(zo) = f(—2x0).

#EiL 1.9. R" fE—TF EH AR LT S".

1.7 Borsuk-Ulam F1 Lusternik-Schnirelmann X8 n
1.8 KAE=RR;aEIE

B HRATEHTE Lecl 4220 A kR =G e 3, (HIREBIERFRAT R BEIEH n = 2 BIRRA,
NBEATRF n =2 BIEFREN T Borsuk-Ulam 3. REARAIN Borsuk-Ulam EIFXT—H n 5k
SEARER B SR 5 AR — R n 15T R I KOBE = B G e HL.
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HIL 1.10 CKBR=1G, n=2). L2 AA (4Fey, EVRATHe) R Pe9ARES, AAE—FHL
B —FRE—5H =,

IER. R O
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2 EARBHEMNA

21 F
$ T8 SUATAR] 1) T 445 7 8] (¥ 2 S S AR .
R 2.1, &MA
(1) HEEEEHH S oS! RERLY.

(2) HEEHLMS f:RP? - S! 2 R4,

2.2 RIEMBEEZE

2.3 van Kampen EIEMNH: EREKREE
2.4 NAZREF: Nielsen-Schreier EIE

2.5 van Kampen TN : T? BOEKE
2.6 van Kampen EIERINA: X, FEKRE
2.7 NMRAZBIKREE: EE

2.8 NMAZBKREZE: BFHE

3 PSetl2-2

(2)[Application fo van Kampen|]

Use van Kampen theorem to compute the fundamental group of
(a) The Kelin bottle.
(b) The n-fold dunce cap.

TE B

(a) £ K EW—ANRE#E D, D c D c D, D 22— MR KRHI/NREE, U = K\D, V =D,
m(U) = ZxZ,m (V) ~{e}, m(UNV)=27, i i.(1)=aba"'b, # m1(K) = (a,blbab= a).

(b) m(U) = Z,m (V) ={e}, m(UNV)~Z.i.(1)=a", L mUNV)x~Z,.
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Ao EBMXIGA T T

1 Brouwer I35 EE

1.1 Brouwer A" &= EE
Fie.
(1) BFPT<= RA&EA B" — S"! 6l 5w st
— M@ E A F B FH AR R,
= M1 (S"71) # {e}.

=S"! RATLHN.

(2) —fb, BMAFR—ANd2 X BA R WA, Z8H/EF f: X - X £RBH, AE 2

{i'f%" f(xo) = Xy ’ffg'ﬂ"k}-—fﬁ
(3) FRI=REAREA R &R

. }Z:, AT,R (R)\B(T)

1.2 EMRFRE

M HO TG BAHIE R — AN E B E HOE UM E A S, BUOVEATE —NER A TR #or,

WA, LT
EfZn% U c R, V c R™ 274, H

f:(fla"' 7fm)U_>V
e Ct g, AN TEANR v eU, W fo D&My
e () e

afi\ - 9
oo 140 () 7= (£ %o
J j J
R A E 25 2
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° (fog)r = fg(x) © Gz,
L4 (IdU)w = Ian
FrUARSY d 2&— M “BL O BRSOV AS SRR 1L LA X Sy md ™ 2]« DAZR PR Wi 2 3 iy 26 2 )
A" [RRR T
9T R AL, RATTE Se kB

EIR 1.1 (BEHOREME, EERA). L UCRY, VCR™ RFE. mf m#n, RALARGELEE C
BARE f:U—V.
1.3 M “&BHEFVLE” B Brouwer IS EHE
[0 3] Brouwer A3l &g FEAJUERH. ZERRA1A HAE 2 81, 1EFRATE S B n = 2 BHEFUEH. 3
IRERA TR f(p) # p MEE p e D, IAHFE DL g: D — ST
gp) =p+Ap)(p— f(p))
R, R 3

_ (=) + - (0= f(0))* +Ip — f@)P(L — |p|*)]?
lp—fp)?

N TAEW] Brouwer AZNERE, FATESGUEM NHEE) WA E R BOGHRUA
EIR 1.2 (BARIIRGE). RAE C' Wbt f: BT S 1243 f

‘ CRBEARBUELGE” EEE “Brouwer AEEER" ‘T& f: B" — Bm Z&i%E4:1]. H Stone-Weierstrass
EH, XA | e N fFIE— MRS p, : B — R™ f#i43

A(p)

=1d.

Sn—1

() — f(2)] < % vz € B,
oy (R TT REZEBR G UM, 18 11T LS 5

l
fi= mpl

klidie. M4 fi: Br— Bk CH I, IFH fi £ B E—EuliskE] f

R f WEAE R, AT —EREEENL g« BT — S"1 A g 2 CY I, H
Gilgn s = 1d, X5 A" FE. USMER [, 74 2, € B* 5 fi(x)) = o R4
ST 5 2y, — @0, FATIFH

f(l'o) = hm flz($l7) = hm Ly, = Zo-
71— 00 71— 00

XFERLTER T Brouwer ANzl A & B HIEH.

1.4 BAENBWYE: ERA
1.5 Brouwer AEISEE: EZMER

1.6 EFHFH Brouwer AEILEIR: — P&
Brouwer N3 s BEH VL HE). — DN ERAIR SR EXT 095 4E A5 8] il ?
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il 1.3. £ /& P20

X:l2: {(alva%'“)}za? <+OO}
=1

R85 2 YHh AL F S X ZEETN, HEEN

it B = B(0,1) C I*. % &Mt

a=(ay,az,---) (/1 —|al3)

1.7 RBHPNAHSERE: Schauder FEIRERE
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2 XEATMH

2.1 Brouwer XA MHAFAFMNERA T
2.2 Brouwer XHAELM: FHEBIRAFIERIIERR
2.3 FhIMNERF
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3 PSetl13-1

(2)[Brouwer’s Fixed Point Theorem]

Let K C R™ be any non-empty compact convex subset.
(a) Suppose K has non-empty interior. Prove: K is homeomorphic to B™.
(b) Prove: K has non-empty interior if and only if K is not contained in a proper hyperplayn.
(¢) Prove Theorem 1.5.
TE B
(a) B FREMMLELH, APk Brc K. % v e K, WAL OX NOK =y, X

0: K — B" x> 2
Yo
WA o BHW, H o &S, FHEL, |o(r) — olas)| < v — 22|, K %, B"Hausdorff, #§
p: K~ B".

(b) K WIBAEZRS, ItV =02, MK CV, i KCV +x B, & W =spanK & K %
LHEEE. # dmW =m, <n, WA K CV, FJE. W dmW =n, £ K F[3] n PN
PERHAE, B KN, WX o NMEPEEEAN [ B(0,]) Cc K, IntK # @.

(¢) &V =spanK, ¥ dimV =m, HHAN i:V < R”, # K =i(K) & R™ P54,
t (a)(b), HFRE @ K 5 B" fL8 [ K - K #$T goiofoitop ™ : B — b7, §
HAFNE yo,z0 = i—197 (yo)» R f(20) = 0.
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Jordan iz EIE

1 3%0 Jordan HhZk

1.1 3L#F1 Jordan Bh%k
1.2 MR HE
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2 Jordan HHZEIE

2.1 Jordan Hh%Zk
2.2 Poincare-Miranda EIEFf—HEiL
2.3 Jordan Hh%kEIERYUERH

2.4 —L3FiE
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3 PSetl13-2

(1)[Jordan curve theorem for other surfaces]
(a) S' xR.

JRAL, X ST~y C ST xR, [y, = 6], A BRI R, WEA  MEZEIT
S'x R, MK, HAE v A AR HAEES S TRAE S x R EWguntk; #
Vp =1, A ST xR B AT X

(b) T AL
(c) Mobius . BAZ

(d) AWOL, Wy = o 2 RP? ST 551 st S b 28, 5 RPF\ {y = o} thif s rl Lodd 5
T 55 1 R
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SFRRES

1 BRI

A RATHE R — 4R . FRATTAR B B 1) B 32 B2 1) o B N TG 20 2K 8 B
IR 1.1. ARG ELT, ARLRE 2 KRR MEE 178 S 4= R

EZNE M ZE—A 1-0E, WA TAER o e M, FEEFLE U AERE ¢ - U — R, RATHK
(o, U) & o MHErAebrf. REEEIEETUKR, yRERTEW : A bR R RS 2 3 K
(R A8 FR & BB BERE N IE.
1.1 APLIRFRRIZE

BATE S %0 m AN AL FRR AT

513 1.2. % (o1, U1) 4= (02, Us) & 1-RF M 69 L4RF, LU, A= Uy, ZREA. BIX W C
UNUy, —AN#EBYE, 0;(W)=(a,b) B o2(W) = (c,d), £F a,b,c,d € RU{+o0}. b, &
BEEASBEA 010 = pa0@] " (a,b) — (c,d) RERHIEZE. IR LKMN—2H

a€Rb=+4+0c0,c=—-00,dcER K a=-00,beER,ccR,d=+oo.
1.2 [X[8]_ERYARST
1.3 FhEEIRF
1.4 SLEEIERVIEEA

5
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2 HLEFIHEIR

2.1 %5

2.2 HEFMN

2.3 &R

2.4 $EIF

FEFRRRESCE, RAWAEER 1 4ER7E, R

st R.

i, EE i — AN s £
0,1], [0,1)

WU SRy : Uy >R, W I U NU, (—NEED L.
L o1 (W) = (a,b), pa(W) = (¢, d).
Pra5p2 007" 1 (a,b) = (c,d) SEFE.

SR 2.1. % 1, FIFHENE, AL a€R,b=+o00,c=—-00,d ER & a=—00,bER,cER,d=+c0.
IEFR. RIE:

e a,c# +00,b,d # —00

e (a,b),(c,d) # (—o00, +0).
LHIE N AR A

e a,ceR

e bceR

% a,c e R, B4
¢7 ' (a) € M, 5" (c) € M.

WiE, ¢r'(a) = vy (o).

HE @fl(a) C Ua» ‘Pgl(c) c U..

FEUEH U, NU, # @.

¢1(Ua) 7 a RIIFRBI o (UL) £ e s TR

ZE o191 (a,b) — (¢, d)

Bl 012((a,a +€1)) = (c,c+ €2)

012U, N (a,b))NU, # 2.
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